In this paper, we introduce linear and nonlinear consensus protocols for networks of dynamic agents that allow the agents to agree in a distributed and cooperative fashion. We consider the cases of networks with communication time-delays and channels that have filtering effects. We find a tight upper bound on the maximum fixed time-delay that can be tolerated in the network. It turns out that the connectivity of the network is the key in reaching a consensus. The case of agreement with hounded inputs is considered by analyzing the convergence of a class of nonlinear protocols. A Lyapunov function is introduced that quantifies rhe total disagreement among the nodes of a network. Simulation results are provided for agreement in networks with communication time-delays and constrained inputs.
The aforementioned applications justify the importance of design and analysis of consensus protocols to address agreement problems among communicating dynamic agents in a network. Such dynamic agents might or might not represent physical systems (or vehicles) . In case where these dynamic agents are physical models, the input constraints for such systems have to be in algebraic graph theory [2], and special cases of consensus problems were realized. In that work, all the vehicles have linear dyuamics and the network has ideal links (i.e. the transfer function of the links is 1). In addition, certain Nyquist plots were useful in stability analysis for a multi-vehicle formation stabilization in Fax et al.. A more appropriate alternative to formation stabilization is to represent formations as rigid and unfoldable graphs/structures (71.
In this work, we do make use of a standard multivariable frequency domain analysis for convergence of linear consensus protocols. Two main contributions of this paper are to consider networks with time-delay and dynamic systems with hounded inputs. In [5] , graph Laplacians appear in the context of attitude alignment of multiple spacecraft (i.e. a special agreement problem). An informal algorithm on attitude alignment for flocking of flying dynamic agents in a 3-D space was first introduced by Reynolds in 1987 without a convergence proof 181. In [3] , the authors made an attempt to prove the convergence of a modified version of the Reynolds attitude alignment algorithm for integratortype dynamic agents in R2. The key assumption in their proof is that in average with a high probability the graph remains connected in time.
The outline of the paper is as follows. Some hackground on algebraic graph theory is given in Section 2. Linear protocols are presented in Section 3. The analysis for the case of networks with non-ideal links is discussed in Section 4. Nonlinear protocols are presented in Section 5. The simulation results are presented in Section 6. Finally, concluding remarks are made in Section 7. We define the Laplacian potential of the graph as fol-
if ui is the head of the edge ek,
From the new definition of the graph Laplacian, the following property of the Laplacian potential of the graph follows: 
In addition, let x : R" 4 R be a multi-input singleoutput operation on x = ( x l , . . . , 
The corresponding consensus of these operations are referred to as the average-consensus, the mu-consensus, and the min-consensus, respectively. This suggests a general name of X-consensus for an agreement problem regarding the operation x .
According to Lemma 1, the Laplacian potential of the graph G is a measure of total disagreement among all nodes. If at least two neighboring nodes of 4 disagree, then 'X"p(x) > 0. As a result, minimizing ap(x) is equivalent to reaching a consensus. This the key in the design of a consensus protocol.
Lemma 2. (connectivity and graph Laplacian [Z]) As-
sume graph 4 has c connected components, then r a n k ( l ) = rank(C) = n -c. Then, the vector of the value of the nodes x is the solution of a gradient system associated with the Laplacian potential a~( x ) ,
i.e.
In addition, all the nodes of the graph globally asymptotically reach an average-consensus, i.e. let x ' = limtd+,x(t),
Proof. Let z' be an equilibrium of the system f = 
Go(s)
Here, the subscript 0 in Go(s) implies zero communication time-delay. A sufficient condition that the aforementioned protocol converges is that all the poles of G(s) have to be on the LHP except for an isolated pole at zero.
The following result gives a non-conservative bound on the communication delay between two nodes of the network such that still an average-consensus can be reached.
Theorem 2. Suppose that each node vi of a connected graph B receives the information (i.e. xj) from its neighboring nodes after a fixed delay T > 0 and applies the following linear protocol
Then, the the value of .the nodes is the solution of the following linear delay di&Tential equation:
In addition, all the nodes of the graph globally asymptotically reach an average-consensus if and only if either of the following two equivalent conditions are satisfied:
ii) The Nyquist plot of r(s) = eCTs/s has a zero 2A,
Moreover, for r = T* the system has a globally asymptotically stable oscillatory solution with the frequency w = A,.
Proof. See the proof of Theorem 2 in [Si. This result has a striking similarity to a result in [l] , despite the fact that the agents have a different dynamics than the ones used in 111. The nature of this similarity is due to the fact that analyzing the stability of any linear system with delay can be addressed using Laplace transforms and will reduce to a frequency domain analysis. 
In the most general form, let h i j ( s )
=
Action Graphs and Nonlinear Protocols
The problem of attitude alignment for robots and spacecraft is a special case of the consensus problem. For these physical systems, it is not reasonable to assume that their attitude can change by an unbounded value, i.e. the input torque is bounded. This suggests development of consensus protocols that guarantee the i) $(z) is continuous and locally Lipschitz, For now, we assume each node is an integrator, i.e.
x; = u;,vz E z. 
we get
Notice that V ( 6 ) = 0 implies 6, = 6, for a11 the edges (i,j) E E . Since the graph is connected, we have 6i = 6 j for all z,j E 1. By definition of 6, E, 6, = 0 thus 6, = 0 for all i . In other words, 6 # 0 implies V ( 6 ) < 0 and therefore the group disagreement function V(6) is a valid Lyapunov function for the disagreement dynamics. As a result, 6 = 0 is globally asymptotically stable for (ZO), i.e. z ( t ) i a1 as t -+ +cc and average-0 Remark 3. Due to symmetry of action functions and property iii), the following identity holds consensus is globally asymptotically achieved.
bji(6i -dj) = -+ij(6j -6,)
. .
In lack of the symmetry of action functions, one can protocol on B,
Conclusions
In this paper, we introduced linear and nonlinear consensus protocols for a network of dynamic agents with undirected information flow that solves an averageconsensus problem in a distributed way. We discussed how the convergence analysis is done for the cases where the characteristic function of the comrnunica- the analysis of the nonlinear protocols, we introduced the notion of action graphs and constructed disagreement costs that are minimized by nonlinear consensus protocols in a distributed way. Simulation results were presented that are consistent with our theoretical results.
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